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INTRODUCTION:
Two vectors x,y € R", the set of all n —tuples of real numbers, xis said to be majorized

by v, and is denoted by x < y, whenever ¥*_ x} <¥* .y} ,(k = 1,2,...,n— 1)and
k  x} =Yk ¥ Here x}denotes the ith largest number between the components of a

vector x € R", [5].

107 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




ISSN: 2320-0294LL Impact Factor: 6.765

It is a well-known fact that for x,y € R™, x < yif and only if there exists a doubly
stochastic n x nmatrix Dsuch that x = Dy(see, for example, [1, 2]). Recall that an n x
nmatrixD = (d;;)is called doubly stochastic if d;; = 0, forall i,j = 1,...,n, and each
of its row sums and column sums are equal to 1.
In finite dimensions, a linear map T : R™ — R"is said to preserve majorization if
whenever x <y, forx,y € R", then Tx < Ty. Itis known thata linear map T : R" —
R™preserves majorization if and only if Thas one of the following forms.
(i) T(x) = tr(x)a, forsomea € R".
(i) T(x) = BP(x) + ytr(x)e for some B,y € Rand a permutation
P: R* - R"
In this paper we prove that D(f; + ;) = Y =1 oy dpn (f1 + f2)(0)) ey,

Where }7_;dp,, =1 ,and Yp_;d,, =1 Vm,n € N, and we prove that following
conditions for £, , g, € c are equivalent.
f. < g.and g, <f,.
(ii) f. = Pg,., forsome P € P.

Now we discus a Majorization on ¢*and its closed linear subspace . Let ¢ be the Banach
space of all bounded real sequences [4], with the norm
vf € 0%, ||fll, = S [f()]. Each f € £* can be represented in the form Y3, f(n), , where
the series is understood to be convergent in the weak*-topology. Here
e, € L denotes the sequence e, (j) = Ofor all j # n, and e, (n) = 1. Following the same
procedure as that of [3], we use doubly stochastic operators [1], on ¢ to define. The
majorization relation on this space. Hence it is necessary first to define these operators on
£”. We recall that an operator Dy: ¢* — €'is called a doubly stochastic operator on ¢* if it

is positive, i.e. Dof = 0 for each non-negative f € ¢!, and
Vn €N, z Doe,(m) =1, Vm EN,Z Dye,(m) = 1.
m=1 n=1

The set of all doubly stochastic operators on ¢! is denoted by DS(t'). We refer to [3, 4],
for more details.

Definition .1 A bounded linear operator D: £ — ¢”is called a doubly stochastic operator
[1], if there exists a doubly stochastic operator D, € DS(£Y). such that D = D¢, i.e. for
every f € ¢ and g € £, (Df, g) = (f, Dog), where
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(-): €° x £* - Rdenotes the dual pairing between ¢! and its dual space, £*. The set of all
doubly stochastic operators on £”is denoted by DS(£™).

Lemma .2 Let D € DS(¢*). Then there exists a family of non-negative real numbers
{d,;n | m,n € N} with

VnEN,denzl and VmEN,denzl )
n=1 m=1

and such that for all f = Y7_; f(n)e,in £*,

Df = i(i Ay f (1)) €.

m=1 n=1
Proof. Suppose D, € DS(¢)satisfies Di = D and let d,p,,,: = (Dge,,)(n), for all m,n € N.
Then clearly the family {d,,,, | m, n € N} satisfies (27). Now for
f=Y"_1f(me, € {*and m € N,

(Df em) = (F.Doen) = D FM)(Doen) (W) = D dyn f ().
n=1 n=1

Therefore, Df =Y _1(Df,en)em = Ym=1n—q dpn f (n))e,, . The following lemma
which, in some respect, is the converse of the previous lemma, furnishes us with a method
to construct doubly stochastic operators on £.

Corollary .3 Let D € DS(£™). Then there exists a family of non-negative real numbers

{dpn| m,n € N} withvm,neN, ) ,d,, =1 ,and

den =1
m=1

and such that for all f; + f, = Y_1(fi1 + f2)(M)e,in €7,

DU+ = D O dun(fi + f)M)en.

m=1 n=1
Proof. Suppose D, € DS(t)satisfies D; = D and let d,: = (Dge,,)(n), for all m,n € N.
Then clearly the family {d,,, | m,n € N} satisfies (1). Now for

fi+fo =Zn=1(fi + f)(n)e, € "and m € N,
DUy + fdremd = (i + fo Doew) = O (fi + YOI Doen)() = ) d (i + f) )
n=1 n=1

Therefore,

DUi+f) =) (OUi+fdenen =)

o0

(ijldmn (fr + fz)(n)) e -

m=1
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Lemma .4 Let {d,,, | m,n € N}be a family of non-negative real numbers which satisfies
the two relations of (26), in Lemma.2 . Then there exists a doubly stochastic operator

D: ¢ — ¢ which is represented by the infinite matrix(d,,,, ) [1], in the sense that
Vf e, vmeN,Df(m) = z A f ().
n=1

Proof. According to [3], Proposition 2.6, there exists a doubly stochastic operator Dy: ¢! —
t!such that, for all m,n € N, Dye,, (n) = d,y, . Let
D:D; € DS(¢*).Then, forall f € £” and all m € N,

(Df,em) = (f, Doem) = ) dna f (),
n=1

which proves our claim. According to Lemmas.2 and.4, it is worth noting that, unlike
general linear operators on £, a doubly stochastic operator on this space is completely
determined by its action on the set {e,|n € N}. We are now ready to define the
majorization relation on €.

Definition.5 For f and g in £, f is said to be majorized by g(or, g majorizes f), and is
denoted by f < g . [4], if there exists D € DS(£™) for which

f = Dg. For a one-to-one map 6: N — N, let Po: £ — £ be defined for each

f ey

Paf = Zf(n)ea(n)-
n=1

Then P, is a well-defined bounded linear operator on £*. If, moreover, o is onto then P, is
called a permutation. The set of all permutations on £* is denoted by P. Note that each
permutation P, € Pis invertible with P, = P_-1. Clearly, every permutation is a doubly
stochastic operator. Therefore, if P is a permutation on ¢” then for each f € (*,Pf < f .
In order to construct other examples for majorization on £”, we use the following notation.
Let n € N and suppose fp: {1,...,n} = R is an element of R". Then for each f € £*, we

use (fo,f)

to denote a sequence in £~ which is defined as follows.

foG) if j=mn
fG-n)if f>n

Theorem .6 For f and g in £, suppose f < g.

vj €N, (o N0) = |
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Then inf g <inf f < sup f <sup g and lim inf g(n) <lim inf f(n) <lim sup f(n) <lim
sup g(n).

PROOF. Let g be non-zero and suppose D:{* — £* is a doubly stochastic operator
which satisfies f = Dg. The first set of inequalities are clear. To prove the second
inequalities, we first note that f < g if and only if f+a < g+ a, for each a € R
considered as a constant sequence. Hence, using a translation, if necessary, we may assume

N € N such that g(n) < a +§, for all n > N. Let {d;;| i,j € N} be the family of non-

negative real numbers corresponding to D, introduced in Lemma(4.2.2).Then there exists
M € N such that for all

m =M, ¥, d,,; <———. Therefore, for any m > M,

2)|glle
0 N N
FO0) =) duyg() = ) dnj gD+ D duyg()

j=1 j=1 j=N+1

N 0
€
Sdej lgll. + Z Ao (a+§) <a+e.

j=1 J=N+1

Hence lim sup f(n) < lim sup g(n).

The inequalitylim inf g(n) < lim inf f(n) follows easily from the previous argument
and the fact that —f = D(—g). We continue this section by considering the majorization
relation on these closed subspaces. Let e denote the constant sequence . Then the sets
{ey|n € N} and {ey|n € N}YU{E}form, respectively, Schauder bases for ¢, and c. For
f € c, we use the notation limfin place of lim,_,f(n). Then every f € ¢ has the
representation

f = {imif)e + X 7_1(f(n) — liméf)e,, where the series  converges in the norm
topology. The next lemma follows directly from Theorem.7 .

there are sequences f, g € ¢* with f < g and

g < f without, necessarily, each being a permutation of the other. However, in the spaces
¢ and c,, this does not happen. To see this fact, we need the following lemma whose proof
is, in some respect, similar to Theorem 3.5 of [3]. However, for the sake of completeness,
we bring here its proof. Let us first introduce some notations. For a real number a,let

¢, w,: R — Rbe the non-negative convex functions defined, for each x € R, by

¢, (x) = max{x —a,0}, Y,(x) =—min{a — x,0}.
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Then, for each f € ¢y and all a > 0 and b < 0, we have

D $a(Fm) = Y da(Fr ), D wa(Fm) = du(F~(),

neN neN neN neN

where f+ = max{f,0}and f~ = —min{f, 0}. We recall that for a function

f:N - R, the support of f ,denoted by supp(f ), is the set {n € N|f(n) # 0}.

For a non-negative f € cg, let {4, (f)|n € N} be a family of subsets of supp(f) defined,
inductively, as follows:

A1 (f) = {k € supp(H)| f (k) = lIf ||},

and for each n > 2,

4 ={keswp(D|f®=|f- > g

jeUr 4:(f)

o]

Clearly A, (f) N A,,(f) = 0, for n = m, and supp(f) = U,,en 4, (f). Let

f» denote the value of f on the set A, (f), if this set is non-empty, and define it equal to 0,
if A,(f) =0.1f A, (f) =0, forsome n N, then f; > f, >---> f,. If A,,(f) = @then
An(f) =0, forallm = n.

Again, for a non-negative f € c,, let f, denote the rearrangement of f in the decreasing
order. Therefore there exists a permutation P, € P for which f; = P, f and in such a way
that fi(n) = fi(n+ 1), for each n € N. Clearly supp(f) and sup(f,) are in one-to-one
correspondence. The same is true for the sets 4,,(f) and A, (f,), for all

n € N. For each a > 0 we also have,

D #(fim) =D 9o (F071m)) = D gu(f(m).

neN neN meN

Lemma.8 Forf,g € ¢, if f < gand

VYa >0, Ynen Pa (f(n)) = YneN d)a(g(n)),
Va>0, Y,enWq (f(n)) = Ynen¥a (g(n)),

then there exists a permutation P € P such that f = Pg.

(2)

Proof. We may assume that g is non-zero. By the first equation of (2), for each a > 0 we

have
D G m) = ) du(Fr @) = > dulg* ™) = ) du(gt )
neN neN neN neN
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Since this is true for each a > 0, it is easily seen that A, (f[") = 4, (g;). Therefore, for

each n € N, there is a one-to-one correspondence 6,, between the sets A,,(f ) and 4,,(g 1),

from which it follows that there is also a bijection

0t:supp(g*) - supp(f*) which maps A4,(g*) to A,(f*), for each n € N with

A, (FH) = 0.

Let D: c — ¢ be a doubly stochastic operator with f = D g.We first show that
vmesupp(f), ) Dey(m) =1, ®)

néesupp (g+)

and

vm € supp(g™), > Deym=1, )
nesupp (f1)

First suppose m € A;(f*). If &:= ¥, c4,(g+) De,(m) < 1, then

0<fi=f(m)=) De,(mgm) = ) De,mgi+ ) Dey(mg(n)
n=1 n€edi(gt) ngA1(g™)

<A1+ (1 -Dg, < g1
This contradicts the fact that f; = g,. Hence X,c4,(y+)De,(m) =1 and therefore
Ynesupp (g+) Den (M) = 1. Furthermore, by the equations
gDl = 14Dl = D ) Demy= > > De,(m),
meAL(f+) nedi(g") neA1(gt) mea; (f+)

Where for a set 4, |A| denotes its cardinal number, we have also ¥.,e4, g+ De, (m) =
1, for eachn € 4,(g™"), whence De, (m) = 0, for each
m & A;(fHand forall n € A;(g").
Using induction, a similar argument shows that, for each k € Nwith 4, (f*) = @, we have

vme A, ) De(m)=1,
neAr(g*)

vm € A, (g"), Z De, (m) = 1.
med,(f1)
This proves (3) and (4). The second equation of (2) and similar arguments yield a bijection
0~ :supp(g~) — supp(f~) which maps 4,(g~) to A,,(f ), for all
n € N with non-empty A4, (f 7). We also have the following relations.

vmesupp(f), ) Dey(m) =1, 5)
nesupp (97)
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vm € supp(g™), Z De,(m) = 1. (6)
néesupp (f7)
For a sequence f € ¢y, if N(f): = N\supp(f ) then (3), (4), (5), and (6) imply that
vm € N(f), vn € N(g),De,(m) =0,
vm & N(f), vn € N(g),De,(m) = 0.
This shows that

Z 1= Z Z De,, (m) = Z Z De, (m) = z 1,

meN(f) meN(f) neN(f) neN(g) men(f) nenN(g)

Thus |N(f)| = |N(g)|. Hence there exists a bijection 8°: N(g) —» N(f). Nowwe can
define a bijection 8: N — N by

6*(n) n € supp(g™),
vneN, 60(n) =46°mn)neN(g),
0~ (n) n € supp(g™).

Let P = P, be the corresponding permutation on c. Then, for each m € N,

o]

Pg(m) = (Z g(n)eg(n)> (m) = g(671(m).

n=1
If m € supp(f™), then m € 4, (f1), for some k € N and 8-1(m) € 4,(g*). Hence
g(@~1(m)) = gy = fi = f(m). Thus we have f(m) = Pg(m), for each
m € supp(fT). Similar arguments are true for m € N(f) and m € supp(f ). There fore
f=Pg.
Theorem .9 The following conditions for f, g € care equivalent.
()f <gandg<f.
(if) f = Pg, forsome P € P.
Proof.  (i)=(ii) First assume that f and g are in c. Let D, D" € DS satisfy
f = Dg and = D'f . Since for each a € R, the function ¢,is convex, using Jensen’s
inequality, we obtain that

bu(f) < ) De W (g(m)),

meN

for each n € N. Specially, for a > 0 we will have

D #a(f@) < D" > Dey a(g@m) = ) > Dy (W)pa(g(m)

neN neNmeN meNneN
= > du(gm).
meN
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Similarly,

PRACCHEPRACO)!

meN neN
Hence YnenPa(g(m)) = Tnenda(g(n)). A similar  argument shows that
Ymen¥a(g(m)) = Ypen¥a(g(n)), for each a < 0.Thus Lemma.8implies that there is a
permutation P for which f = Pg. Now for the general case of
g — (limg)e < f — (lim f)e. By the previous argument, there is a permutation P such
that f — (lim f)e = P(g — (lim g)e), whence f = Pg.
(ii)=>(i) Clear. For f,g € ¢*, we use the notation f ~ g wheneverf < g and g < f.
According to the previous theorem, for f,g € ¢, f ~ g ifand only if
f = Pg for some permutation P € P.
Corollary .10 The following conditions for f. , g, € care equivalent.
() fr < grandg, <f. .
(i) f, = Pg,, forsome P € P.
Proof. (i)=(ii) First assume that £, and g are in c,. Let

Dy + D,, (Dy + D;) € (Dy + D,)S
satisfy f. = (D, + D,)g, and = (D, + D,) f, . Since for each a € R, the function ¢, is
convex, using Jensen’s inequality, we obtain that

q)a (fr(n)) < Z (Dl + DZ)em (n)q)a (gr(m));

meN

for each n € N. Specially, for a > 0 we will have

PR AGOEDIRCET A OIACACD)

neN neNmeN
= Z Z(Dl + DZ)em (n)¢a(gr(m)) = Z d)a(gr(m))
meN neN meN
Similarly,

PRACTDEPRACKO)]

meN neN

Hence  Ynen Pa(gr (M) = Tnenba(g-(n)). A similar argument shows that
YmenVa(gr(M) = Tnen ¥ (g- (), for each a < 0.Thus Lemma .8implies that there is
a permutation P for which f, = Pg,.. Now for the general case of f., g, € ¢, if f, < g, and

gr < f» then limf, = limg, and f, — (limf,)e < g, — (limg,)e and g, — (limg,)e <
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fr — (limf,)e. By the previous argument, there is a permutation P such that f. —
(limf.)e = P(g, — (limg,)e), whence

fr =Pg;.

(if)=(i) Clear. For f,, g, € £, we use the notation f, ~ g, wheneverf, < g, and g, < f,.
According to the previous theorem, for f., g, €c, f, ~ g, if and only if f, = Pg, for
some permutation P € P.

In this part of this paper we obtain a characterization of linear preservers of the
majorization relation on c. As we will see, the restriction of a linear preserver of
majorization to the linear subspace c, of c is a majorization preserver on this subspace.
Therefore, in order to characterize the structure of these maps on c, we first obtain the
same characterization on c,. Finally, using this result, we determine the structure of these
maps on c, [2].

Definition .11 A bounded linear map T : £ — £* is called a majorization preserver on
£ if foreach f,g € £, f < g implies that Tf < Tg , [4]. We denote the set of all linear
majorization preservers T : £ — £° by Mp.(£°). The set of all linear majorization
preservers on c and c, are denoted, respectively, by Mp,(c) and Mp,.(cy). For brevity, in
what follows, we use the word preserver instead of majorization preserver.

Example .12 For any h € c, let T = Th be the bounded linear operator on c, defined by
Tf = (limf)h. Then f < g, inc, impliesthat Tf = Tg. Thus T is a preserver.

For a bounded linear map T: ¢ — c, it is easily seen that for each m € N,

[0¢]

Z|Ten(m)| <|ITI. 7

n=1
Theorem .13 For each T € Mp, (c)the following statements hold.
(1) T(co) < ¢y, and therefore T, € Mp, (co).
(i) If limTe = a, then lim Tf = « limif, for each f € c.
Proof. (i) Let T € Mp, (c)be non-zero. It suffices to show that Te,, € c,, forall n € N.
Suppose, on the contrary, there exists n, € N.with
l:=limi¥e, # 0. Then, since e, < ey, , by Lemma .7, lim:Te, = [, for each

n € N. We first choose N € N with N > % and then my € N such that
Il

[Te,, (my)| > for each n=1,...,N. Now, using (7), we obtain the following

contradiction.

116 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email; ijesmj@gmail.com




ISSN: 2320-0294LL Impact Factor: 6.765

0o N

L] 2|T| |I
7112 Y [Ty (o)l = ) ey omo)l = N5 > Sl EL =y

n=1 n=1
(i) For f € c, using the previous part, T(f — (lim f )e) € c,. Therefore,
limTf = lim T((lim f)e) + lim T(f — (lim f )e) = (lim f) lim Te. According to the
previous theorem, if T:c — c is a linear preserver then the restriction of T to the closed
subspace ¢, of c is an operator on this subspace, and therefore a linear preserver on c,.
Hence we first obtain the structure of an operator T € Mp, (cy).. To this end, we need the
following two lemmas.
Lemma .14 Let T € Mp,(cy). Then for any m € N there is at most one n € N with
Te,(m) # 0.
Proof. Suppose that, on the contrary, there exists m, and two distinct n;,n, in N, for
which a: = Te, (m,) and b: = Te,, (m,) are both non-zero. Let F c N be given by
F ={me€N|Te, (m) = a}.
Then F # @. Moreover, since Te,,, € c, F is finite. For n # ny, and for all
a, B € Rae,, + Pe,, ~ ae,, + e, . Therefore,
aTe,, + pTe,, ~ aTe,, + Be,which, by Theorem .9, implies that
aa + Bb = (aTen1 + ,B’Tenz)(mo) € {aTenl(m) + BTe,(m)|m € N}.
Thus, according to Lemma 4.6 of [3], there exists m € N such that Te, (m) =b and
Te,(m) = b. Note that, by the definition of the set F,m € F. In short, we saw that
vn # ny,3m € F such that Te,,(m) = aandTen (m) = b.
Since F is finite, there exists a fixed element m € F such that Ten(m) = b, for infinitely
many m € N. This contradicts the property declared by (7) .
Let X;,i € I, and Y be non-empty sets. A family of maps ). = {0;: X; = Y|i € I} is called
mutually disjoint if for all distinct pairs i, i, € I,
Im(o;,) N Im(o;,) = O,
where by Im(o) we mean the image set of a map o.We recall that for a one-to-one map
o:N - N, the bounded linear map Po: ¢, — c, is defined by Poe, = e;(,), for each n €
N.
Lemma .15 Let D € DS. Then, for a mutually disjoint family of one-to-one maps
Y ={0;:N - N|i € I}, there exists a doubly stochastic operator D € DS such that, as
linear operators on ¢y, P,D = DP, , foreacho € Y.

Proof. Form, n € N, letd,,, be defined by
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Dea_l(n)(a_l(m)) if for some g€y, m,n €a(N),

(

| .
_ . either m € a(N)and n # o(N)
s — 4 0 if for some o € z orm €& o(N)and n € o(N),

ll if n=m¢ UJEZU(N)r
0 if n,m & Usey,(N)and m .

Then it is easily seen that
vm € N, zdmnzL vn €N, denzl.
n=1 n=1

According to Lemma .4, there exists a doubly stochastic operatorD € DS, such that D is

represented by (dm )m‘neN. To show that for each o €,P,D = DP, on c,, it suffices to

show their equality on the Schauder basis {e, |n € N} of ¢,. For eachn € N,

EPU(en) = Eea(n) = Z Eea(n)(m)em

m=1

= z Amo (n)€m = Z Den(a_l(m))em
m=1 meao (N)

= De, (k)e, ) = PJ< De, (k)e ) = P, D(e,).

In the followingtheorem, we obtain the structure of linear preservers of majorization on c,.
Theorem .16 For a bounded linear operator T: c, — ¢, , [4]. the following conditions are
equivalent.
() T € Mp, (co).
(i) There exists a € ¢, and a mutually disjoint family of one-to-one maps
Y. ={0;:N - N|i € I}, where [ =supp(a) = {i € N|a;:= a(i) # 0}, for which T =
Y.ier @;Po; . Here the series is understood to converge in the operator norm topology of
B(cyp), the set of all bounded linear operators on c,.
Proof. Let T:cy — ¢y be a non-zero bounded linear operator.
()=(ii) Since T # 0, there exists n, € N with Te,, # 0. Let a: = Te,, and
I:= {i € N|Te,, (i) # 0}. For each n € N, since Te, ~ Te,,, by Theorem .9,there exists a
bijection 6,,: N — N such that

Te, = Py (Tey, ).
Fori eI, Let 0;:N — N be defined, for each n € N, by g;(n) = 6,,(i). Then, by Lemma

.14, each g;is a one-to-one map and a;, oy have disjoint ranges for distinct iy, i, € I. It is
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easily seen that):;c; a;Pa;is a well-defined bounded linear operator on ¢,. We show that
Y.ie; a;Pa;converges in the operator norm topology to 7. For each f = Y7, f (n)e, €

¢, and m € N, we have

Tf — z a;Po;(f) = if(n)’ren - Z a; if(n)eai(n)
n=1 n=1

i€li<m i€l,i<m
= > f@ P, (Ten) = > > aif@ena
n=1 i€li<m n=1
= > > FPs, (Tew,(De) = DY arf ey
n=1 i€l n=1 i€l
= z Z aif(n)eai(n) - z z aif(n)eai(n)
n=1 i€l n=1i€l,i<m
= Z Z (aif (W)es, s
n=1Ii€l,i>m

and therefore, by mutually dis joint ness of the family),

- Sup e f I < IFL L F |Ten, ()]
" neNjieli>m - i>m! o

Tf - Z a;Po;(f)

i€l,i>m

Hence”T — Yieli>m al-PUL-” < supi>m|Ten0(i)| - 0,as m — oo.thus

T = Z aiPO'i
i€l

(i)=() For f and g in ¢y, let f = Dg for some D € DS. By Lemma .15, there exists
D € DS suchthat B, D = DP, ,foreach o € Y . Therefore,

Tf = zaiPUi(f) = ZaiPUiD(g)

i€l i€l
= Z aiEPUi(Q) = 52 a;Po;(g)
i€l i€l
= D(Tg)

i.eTf<Tg.

It is deduced from Theorem .16,that if a bounded linear map T:cy — ¢, is represented by
an infinite matrix (t;; ), then T is a linear preserver if and only if the columns of this matrix
are permutations of each other and in each row of it there exists at most one non-zero
element. This structure is similar to that of linear preservers of majorization on £Pspaces,

with 1 < p < oo, except in the fact that the columns of the latter belong to the space P
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while those of the former are in c,. We now turn our attention towards the characterization
of linear maps

T € Mp,(c).. Foreach T € B(c), let Ty: ¢y — c be the restriction of T to c,. The following
corollary is obtained directly from Theorem.14, part (i) and Theorem.16

Corollary .17 For a bounded linear operator T:c — c, the following statements are
equivalent.

()T € Mp.(c),

(i) There exists a subset I < N, a set of non-zero real numbers {«;|i € I} which, if infinite,
belongs to ¢y (1), a mutually disjoint family of one-to-one maps

Y. ={0;:N - NJi € I}, and an element h € ¢ with h(n) = limé#, for each

n € U;eq,(N), for which

Viitfoece T(h+fi)= (Z 0!#’(&) (f = (im(f; + fi))e) + (im(f; + fi))h.

i€l
Proof. (i)=(ii) Let T € My, (c) and suppose {o;: N - N|i € I} is as given in Corollary.18 .
Let h: = Te which clearly belongs to c¢. Then Theorem.19, shows that h(m) = limi‘&, for
eachm € U;¢q,(N).
Moreover, for each (f; + f1) € c,
T(fi + f1) = t((fi + 1) — Aim(f; + fi))e) + T((lim(f; + f1))e)
=To((f1 + f1) — Aim(f; + f1))e) + (lim(f; + f1))T (e)

= <Z “iPUi) ((fi + 1) — Aim(f; + f1))e) + (im(f; + f))h.

i€l
(i)=>() Let (fi + f1) < g, 1.e. (fi + f1) = Dg for some D € DS. By Lemma.15, there
exists D € DS such that for all i € I, Pa;D = DPo; . In addition, using the definition of D
in the proof of this same lemma, it is easily seen that D(e,) = e, for each n ¢ Uiero,(N).
Therefore,

D(h) = D(h — (lim7k)e + (lim‘k)e) = D (Z(h(n) — lim%)en) + (limik)De

neN

-D z (h(n) — limih)e, + (limik)e
n€U;erq; (N)
- Z (h(n) — limik)e, + (limik)e
n€Uierq;(N)

=Y y(h(n) — limfk)e, + (lim7k)e = h. Thus,
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T(thi+f)= <z “iPUz) ((fi + f1) — (imify, + f1))e) + (limiff; + f1))h

i€l

= (Z al-Pal-> D(g — (lim&g)e) + (limig)h

i€l
- (5 z a,Pa; (g — (limig)e) + (nmiz;;n‘])h)
i€l

= D(Ty),
l.e. T(f1 + f1) <Tg.Hence T is a linear preserver.
Corollary .18 If T is a preserver on c, then there exist I € N, a set of non-zero real
numbers {«;|i € I}(which, if infinite, belongs to cy (1)), and mutually disjoint family of
one-to-one maps{o;: N — N|i € [} such that Ty = },;¢; a;Po;.
As the following example shows, there are bounded linear operators T:c — ¢ whose
restriction on c, acts as a linear preserver on this subspace, while T itself is not a preserver

onc.

Theorem .19 For T € My, (c), let T, be represented in the formY.;¢; a; F,,, as described in
Corollary.18 . If a = limTe then Te(m) = a, for each
me Uielo-i(N)-
Proof. Suppose, on the contrary, that there exists iy € I and mg € giy(N) such that
Te(my) # a. Letny: = 0 — iy(my). Then
Teno = z aipai(eno) = z aieai(no)- (8)
i€l iel
Since {o;: N — N|i € I} is a mutually disjoint family, it follows from (34) that
Te,,(mg) = Z a;€q,(ny) (Mo).
i€l
Let:=a;p,and d: = inf{|a — x||x € {a;|i € I,a; # a} U {0}}. Then, since
a # 0 and the only limit point of {«;|i € I}, if any, is 0,d is positive. If N € N is chosen

2||Te]|

with N > Tthen

|aN + Te(my)| = N|a| — [Te(mgy)| >

2||Tell
7 lal = ITell = [Tell €)

Furthermore, since T, € Mp, (cy),, by Lemma.14 | there exists n; € N, with  ny; > n,,
such that such that:vn > n{,Ym = 1,...,mg, Te,(m) = Tye,(m) = 0.

On the other hand, using the fact that e + Ne,, ~ e + Ne,, , we have
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Te + Ne,, ~ Te + Ne,, . Thus, by Theorem.19,
Te(my) + aN = (Te + NTe, )(m,) € {(Te + NTe, )(m)|m € N}.
By (35), the value Te(m,) + aN does not belong to the image of Te. Hence
Te(mgy) + aN & {Te(1), ...,Te(my)} = {(Te + NTe,,)(1), ..., (Te + NTe, ) (my)}.

Consequently,  Te(m) + aN = (Te + NTe,,)(my) = (Te + NTe, )(m;)for  some
my > my. Repeating a similar argument for my, ny, in place of mg, n,, one can find two
sequences my < my < m, <..andny < n; < n, <...in N, for which

Vk € N,Te(my) + aN = (Te + NTey, )(my). (10)
Since the sequence (Te(m,)), _ converges, the sequence (Tey (my)), _ should also be
convergent. On the other hand, since each Te,; (m;)is member of {a;|i € I} U {0}, we

havet: = limTe,;, (my,) € {q;|li € I} U {0} = {q;|i € I} U {0}. If t = athen, by (10),

Te(mgy) = lim Te = a, which contradicts our assumption. Hence t = a. Therefore, using
(36) once more, we obtain the equality
Te(my) + aN = ]gim (Te + NTe,;, )(m;) = aNt,

from which, by the fact that |« — t| > d, it follows that
_a—Te(my) _|a—Te(mg)| _2[|Tel

N = <
a—t |l — t] d

This contradicts the choice of N. Our last theorem in this section gives the structure of a
linear preserver on c.

Theorem .20  For a bounded linear operator T:c — c, the following statements are
equivalent.

()T € Mp.(c),

(i) There exists a subset I < N, a set of non-zero real numbers {a;|i € I} which, if infinite,
belongs to ¢y (1), a mutually disjoint family of one-to-one maps

Y. ={0;:N - NJi € I}, and an element h € ¢ with h(n) = limé#, for each

n € U;eq,(N), for which

Viee Tf= (Z aiPal-> (f — (limf)e) + (Limf)h.

i€l
Proof. (i)=(ii) Let T € Mp,(c) and suppose {o;:N — N|i €I} is as given in
Corollary(18). Let h: = Te which clearly belongs to c¢. Then Theorem.19 , shows that
h(m) = limi:k, for each m € U;¢q, (N).

Moreover, for each f € c,
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Tf =t(f — (lim#f)e) + T((limi?i}f)e) = To(f — (limif)e) + (limf)T (e)

- <Z aiPal-) (f — (lim#f)e) + (limif)h.
i€l

(ii)=>(i) Let f < g, i.e. f = Dg for some D € DS. By Lemma.15 , there exists D € DS
such that for all i € I, Pa;D = DPa; . In addition, using the definition of D in the proof of
this same lemma, it is easily seen that D(e,,) = e,, for each

n & U;erq,(N). Therefore,

D(h) = D(h — (lim7k)e + (lim‘k)e) = D (Z(h(n) — 1imiz?h)en) + (limih)De

neN

_D z (h(n) — limih)e, + (limik)e
néUiess,(N)
- Z (h(n) — limik)e, + (limik)e
neUcrs, (V)
= 3 y(h() — limik)e, + (limik)e = h. Thus,
Tf = (Z aiPal-> (f = (imiF)e) + (imiF)h

i€l

_ (Z al-Pal-> D(g — (limi@)e) + (limig)h

i€l
- (5 Z a,Po; (g — (limig)e) + (limi?@)h)
i€l
=D(Tyg),

i.e. Tf < Tg.Hence T is a linear preserver.
In this section, without being able to characterize the set of all linear preservers of
majorization on £, we will introduce two classes of these operators, each presenting a
feature which distinguishes these operators from those on c and c,, as well as those on #P
spaces, for 1 < p < c. We will also obtain some properties of operators in Mp,. (£%), the
set of all linear preservers of majorization on £.In what follows, NXrepresents the set of

all k —tuples of natural numbers, for some k € N.
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